Domains for Bernstein polynomials  by Muñoz-Delgado, F.-J. et al.
Appl. Math. L&t. Vol. 7, No. 1, pp. 7-9, 1994 
Printed in Great Britain. All rights reserved 
08939659/94 $6.00 + 0.00 
Gopyright@ 1994 Pergamon Press Ltd 
Domains for Bernstein Polynomials 
F.-J. Mu~~oz-DELGADO, V. RAM~REZ-GONZALEZ 
T. SAUER 
Departamento de Matemitica Aplicada, Facultad de Ciencias 
Universidad e Granada, 18071 Granada, Spain 
and 
Mathematisches Institut, Universitat Erlangen 
Bismarckstr. l$, 91054 Erlangen, Germany 
(Received and accepted October 1993) 
Abstract-The following problem will be discussed: Suppose X c R2 is a convex polygon with N 
vertices. For which values of N do there exist positive linear operators L : C(X) + C(X), unequal to 
the identity, keeping linear polynomials 6xed and mapping Pm, the space of bivariate polynomials of 
degree less or equal to m, into itself, m = 2,3,. . . . In this paper we show that in convex polygons with 
five or mom vertices no positive linear operators, unequal to the identity, exist fixing the polynomials 
of Pl and mapping pZ into Ps. 
1. INTRODUCTION 
The Bernstein polynomials B,, : C[O, l] ---) P, defined by, 
Bn(f)(~) = 2 f (;) 
i=o 
were introduced by Bernstein to prove the theorem 
extended to different fields (Lorentz [l]). 
71 0 i z’(1 - Z)n--i 
of Weierstrass. Since then, their use has been 
The conservation of the shape properties of functions approximated by the Bernstein poly- 
nomials makes it a key element in conservative approximation. Even though few polynomials 
remain invariant, the property of mapping positive functions into positive polynomials, etc. has 
made this operator the most studied one. 
The Bernstein polynomials were originally defined for the interval [O,l] and afterwards gener- 
alized basically in two directions: on the one hand to triangles and simplices in general, and, on 
the other hand, to rectangles using the tensor product technique. 
The interest and the importance of Bernstein polynomials have led to a search for other 
generalizations such as the operators of Bernstein-Kantorovich [I], Bernstein-Durrmeyer [2], 
Bernstein-Jacobi [3], etc. These operators are meant to generalize Bernstein polynomials in 
the sense of changing the type of data used to obtain the approximation, but still using the 
interval [O,l], triangles, rectangles or simplices as domains. 
Our aim is different. We intend to study the possibility of a generalization of the Bernstein 
polynomials to other domains of the plane; specifically, to convex polygons with five or more 
vertices. 
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For this purpose we will try to find an extension, 
L : C(X) -+ P, 
et al. 
(with C(X) = {f : X 4 R; continuous} and P, = P,(z, y) = (zayb; a + b < n)) preserving three 
characteristic properties of the Bernstein polynomials on the interval [O,l]: 
(a) Preserving the positivity of the functions. 
(b) Not increasing the degree of polynomials. 
(c) Fixing 9. 
By Korovkin theory, one knows that any positive linear operator L : C(X) + C(X) that 
fixes PI interpolates in the vertices of X and, in addition, if L fixes Pz, then L is equal to the 
identity [4]. 
We shall prove that on convex polygons with more than four vertices, the only operator satis- 
fying the properties (a), (b) and (c) is the identity. 
In contrast, it will be possible to find such operators for convex polygons of 3 or 4 vertices, 
namely: 
N = 3: Using barycentric coordinates, one can always assume X to be the standard simplex 
{(z,y)~R~:0< 2, y, 1 - 5 - y} and then use the Bernstein polynomials 
which have all the required properties. 
N = 4: Let X be a convex quadrilateral with vertices ~1, . . . , v4. Then any point z E X can 
be identified with its “bibarycentric” coordinates cr, p via 
5 = P(QVi + (1 - (Y)v2) + (1 - P)(cyv3 + (1 - Q)V4), 0 I (Y,p 5 1. 
Hence, X can be assumed to be equal to [0, 112. We can use the tensor product 
polynomials 
Bernstein 
which preserve linear functions and which do not increase the degree of any monomial. 
2. THE MAIN RESULT 
THEOREM. Let X be a convex polygon with five or more vertices. There is no positive linear 
operator L : C(X) + C(X) unequal to the identity, keeping linear polynomial fixed and mapping 
P2 into itself. 
PROOF. N 2 5; Let vi,. . . , UN be the vertices of X extended by UN+1 = vi, and let V = 
{w,... ,vN}. Fori=l,..., N let ei be the edge [vi, vi+i]. In addition, let lk, k = 1,. . . , N, be a 
linear function vanishing on ek and being positive on X \ ek. 
The preservation of linear funtions implies interpolation on the vertices of X (see [4]), i.e., 
Lf(v) = f(v), vu E v, Vf E C(X). 
Thus, for any p E Ps, we have Lp - p = cp with cp = ‘pp E Ps, V(V) = 0, VU E V. 
Let us consider two edges ei, ej, and let p = lilj with i, j E { 1, , . . , N}. Moreover, let cp = Lp-p. 
Choosing a linear function Q vanishing on ei such that q 1 p on X (recall: p vanishes on ei), we 
obtain that 
9=&?2LP=P+cp, 
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and since q vanishes on ei, we have 0 > cp on ei. On the other hand, cp < 0 on ei is impossible 
since this would imply that Lp = cp < 0 on ei, in contradiction to the positivity of L. Hence 
cp = 0 on ei, and thus, cp = lis with s E PI. Since v(v) = 0 whenever v E V, we have 
s(v) = 0 vu E V\{ v v.+i}. Hence, s = 0 (since card (V\{vi,vi+~}) 2 3), cp = 0 and Lp = p. i, * 
Hence we have obtained that 
L(Zilj) = lilj, Vi,jE {l,..., N}. 
Finally, since X is a convex polygon, it is not possible to find three parallel edges in {cl, . . . , eN}. 
Hence, er is not parallel to es or es is not parallel to es. Let us suppose that el is not parallel 
to es. We now claim that 
h,l2,l3,hl2,lll3,l2l3 
is a basis of Pg. 
Indeed, if 
all1 + a212 + ad3 + adlh + adl/3 + ad2/3 = 0, 
then this yields 
as well as 
a313(v2) =O*aa=O, 
aiZi(vs) = 0 * al = 0, 
and hence, for v E (v2,va), 
, 
Thus, 
a&(v)ls(v) = 0 =9 a5 = 0. 
a212 + a4ilh + afjkd3 = 0 + kZ(a2 + all1 + a&) = 0 a a2 + a411 + a6/3 = 0. 
Since er is not parallel to es, we finally obtain that a2 = a4 = a6 = 0. 
Hence, L must be the identity on PZ and therefore on C(X) (41. I 
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